A short promenade into the world of random walks: around
Polya’s theorem

The goal of this problem is to compute, using elementary tools, the probability that a random walk on
74 returns to its starting point. The approach developed in this problem relies heavily on power series.
Toward the end, the reader may recognize the use of the celebrated Laplace’s method for obtaining
asymptotic equivalents of integrals with exponential integrands.

Notations

For d € N*, we denote by (e1,...,eq) the canonical basis of R?.

For each d € N*, we consider a sequence (X, 4)nen+ of i.i.d. random variables with uniform distribution
in {e1,—e1,...,eq4, —eq}. We assume that these random variables are independent.

For each d € N*, we then define a random walk (S, 4)nen by

So7d =0€ 74
Sn+1,d = n,a + Xny1,d, YneN.

Let us introduce the following notations:
Dn,d =P(Snqa=0), VneN,VdeN",

Gnd =P(Spna=0,Yme{l,...,n—1}Sqa#0), VneN"VdeN",
g =P(En eN", S, 4=0), VdeN"

From (pn,d)neN to my

Let us consider d € N*.

Let us define the functions

+o0 “+o0
ga:xz€0,1)— an,dm" and hg:z€]0,1] — Z qn,ax".
n=0 n=1

1. Show that g4 and h, are well defined and continuous functions.

2. Show that if the series ) .,pn,a is convergent then lim, ,,- g4(z) = :i%pmd. Show that
otherwise lim,_,;- g4(x) = +00.

3. Show that Td = hd(l)
4. Show that for all n € N*,

n
Pn,d = § qk,dPn—k,d
k=1

5. Deduce that Vz € [0,1), ga(z) = 1 + ga(x)ha(z).
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6. Prove that if the series ), -, pn,q is convergent then 7 = 1— (Z:Z% pn,d) . Show that otherwise
mq = 1.

The case of dimension 1

We now consider the case d = 1.



7. Show that

0, for n odd,
Pn,1 = cn/?
T for n even.

8. Prove that pay.1 ~n—to0o \/%

nm

9. What is the value of m?

Generating functions

Let us introduce for each d € N* the function

n

X
Gi:zeRy an,dﬁ,
n=0

10. Show that G4 is well defined for all d € N*.
11. Prove that Vn € N,Vd € N\ {0,1},

n—k
1 1
DPn,d = ZCS% <1 - d> Dk, 1Pn—k,d—1-

12. Deduce that Vd € N*,Va € Ry, Gq(z) = Gy ().
13. Prove that oo
Vd e N*,Vx € [0,1), ga(z)= Ga(tw)e tdt.
0

14. Deduce that if t — G (g)d e~ ! is integrable on R, then

+oo t d
Tg=1— / Gh (d) e tdt
0

and that otherwise mg = 1.

Study of G,
15. Prove that
+oo 1 T 2n
Ve € Ry, Gi(z) = ;W (5)

16. Prove by induction that
2n)! «
(2nn1)2 2°

Vn € N,/2 cos®™(0)d =
0

17. Prove that L
Ve € Ry, Gi(x) = 7/ exp(x cos(6))do.
T Jo

Hint: Prove first that Vz € Ry, G1(x) = %f()% cosh(z cos(#))d6.
18. Prove that

2 2
Ve € (0,1),3n > 0,¥0 € [0,7],1 — %(1 +e) <cos(f) <1-— ?(1 — ).

19. Prove that Ve € (0,1),3n > 0,

e 1 ny/z(1+e€)
VT my/1+e /0

1 /n\/w(le)

3

2

w2 1 [7 e* w
e 2du< — exp(zcos(0))df < — ——— e T dute® s,
<+ | exnlocosonan < Z—— [



20. Deduce that G1(x) ~z 100 \/%\%

Polya’s theorem and beyond

21. Prove that m; = mo = 1 and that 0 < w4y < 1 for d > 3.

22. (Bonus) Prove that g ~g— 400 i.



